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Abstract-We analyse the e1ectroelastic fields in and around inclusions and inhomogeneities in
transversely isotropic piezoelectric solids using Eshelby's pioneering approach. Following a brief
review of the general theory, we obtain explicit, closed-form expressions for the four tensors that
are the piezoelectric analog of Eshelby's tensor for spheroidal inclusions in a transversely isotropic
piezoelectric medium. We focus on no specific problem pertaining to piezoelectric inclusions and
inhomogeneities, but instead provide an easily-used general solution. The explicit expressions for
the four tensors can be used, in the same manner as Eshelby's tensor for elastic inclusions, to solve
a wide range of problems in the mechanics and physics of heterogeneous piezoe1ectrics. ~) 1997
Elsevier Science Ltd.

I. INTRODUCTION

Eshelby's (1957, 1959) classical analyses of the stress and strain fields in elastic solids
containing ellipsoidal inclusions and inhomogeneities are widely recognized both for their
elegance and wide-ranging applicability. Indeed, Eshelby's method and his results serve as
the cornerstone of many contemporary micromechanics studies of defects, fracture, and
the behavior of heterogeneous media at various length scales. Numerous examples of and
references to such applications can be found in the texts ofMura (1987) and Nemat-Nasser
and Hori (1993). Eshelby provided many useful results including: demonstration of the
uniformity of stress and strain fields in ellipsoidal inclusions with uniform eigenstrains and
ellipsoidal inhomogeneities subjected to uniform far-field loads, the equivalent inclusion
method, and simple, efficient methods for energy calculations. Perhaps the most widely
used result of Eshelby's analyses is his simple, closed-form expression for what is now
known as Eshelby's tensor: a fourth-order tensor which is a function only of the elastic
moduli of the matrix and the shape of the inclusion. In fact, with the explicit expressions
for Eshelby's tensor in hand, solutions to many problems concerning inclusions and inhom
ogeneities are reduced to algebraic tensor manipulation. While Eshelby only provided
explicit results for inclusions in isotropic solids, he laid the groundwork for the study of
inclusions in anisotropic solids. Subsequent researchers (Hill (1971), Willis (1964), Walpole
(1967,1977), Kinoshita and Mura (1971), Lin and Mura (1973), Asaro and Barnett (1975),
Bacon et al., (1978), among others) provided valuable results regarding inclusions in
anisotropic matrices. The key component, Eshelby's fourth order tensor, was expressed in
terms of surface integrals over a unit sphere or line integrals along a unit circle. As no
closed form expressions were obtained, Eshelby's tensor had to be computed by numerical
integration (see, for example, Gavazzi and Lagoudas, 1990). Only for transversely isotropic
solids are analytical results for Eshelby's tensor available (Withers, 1989; Yu et al., 1994).
It is not surprising that the use ofEshelby's tensor for anisotropic solids pales in comparison
to its use for isotropic solids. There are probably two reasons for this: isotropic materials
playa more prominent role in technological applications than anisotropic ones, and aniso
tropic analysis is often considered to be somewhat more complex than isotropic analysis.

When dealing with piezoelectric solids, transverse isotropy is of fundamental import
ance: the most technologically-important piezoelectric materials are poled ceramics which
exhibit transverse isotropy with the unique axis aligned along the poling direction. Piezo
electric inclusions and inhomogeneities have been studied by numerous researchers (Deeg,
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1980; Wang, 1992; Benveniste, 1992; Dunn and Taya, 1993; Chen, 1993a, b). Deeg, Dunn
and Taya used a direct generalization of Eshelby's elegant approach, while Benveniste and
Chen generalized the approaches of Walpole (1967) and Hill (1961). Nevertheless, they all
obtained expressions (although none in closed form) for the four tensors that comprise the
piezoelectric analog of Eshelby's tensor in elasticity. Dunn and Taya obtained expressions
for these tensors in terms of surface integrals over the unit sphere which they evaluated
numerically, and Dunn (1994) obtained closed-form expressions for the tensors in the case
of elliptical cylindrical inclusions in transversely isotropic solids. To date, however, no
closed-form expressions have been obtained for the piezoelectric Eshelby tensors for !Jphe
roidal inclusions (which can simulate inclusion geometries ranging from thin disks to long
needles) in transversely isotropic solids. The development ofsuch expressions is the objective
of this study.

To this end, the basic equations of linear piezoelectricity, a convenient shorthand
notation, and a brief review of the solution of inclusion and inhomogeneity problems in
piezoelectric solids are given in Section 2. The main ingredients of the present solution, the
piezoelectric Green's functions, are presented in Section 3. In Section 4 we define and then
derive explicit closed-form expressions for the piezoelectric Eshelby tensors for spheroidal
inclusions in transversely isotropic media. These expressions can be trivially simplified for
the cases of disk-shaped, spherical, and needle-shaped inclusions. Our approach proceeds
in a manner that parallels Eshelby's derivation. This is a departure from most analyses
involving anisotropic media, and all approaches involving piezoelectric media, which make
use of transform formalism and yield results in terms of surface integrals over the unit
sphere. We emphasize that the intent of this work is not to study anyone particular aspect
of piezoelectric inclusions and inhomogeneities in detail. Rather, we explicitly provide: the
general solution; specifically, the piezoelectric Eshelby tensors which can be used with the
standard Eshelby approach. Our results can be easily and immediately used by researchers
interested in pursuing specific applications.

2. INCLUSIONS AND INHOMOGENEITIES IN LINEAR PIEZOELECTRICITY

In this section we review the basic equations of linear piezoelectricity and the analysis
of inclusion and inhomogeneity problems in piezoelectric solids; our explicit expressions
for the piezoelectric Eshelby tensors can be easily used with these. Most of the equations
presented in this section have appeared in the literature, thus we omit derivation and
provide appropriate references. We consider an ellipsoidal inclusion or inhomogeneity
and focus on the uniform (Deeg, 1980) interior electroelastic fields. We do not treat the
complicated electroelastic fields outside the inclusion or inhomogeneity (except just at the
boundary). It is the interior fields that are most important, as with them alone we can
tackle many problems in heterogeneous media.

Basic equations
A three-dimensional cartesian coordinate system is employed where position is denoted

by the vector x or Xi' In this paper, both indicial Xi and cartesian X, y, z notations are
utilized. For stationary behavior in the absence of free electric charge or body forces, the
field equations of linear piezoelectricity consist of the constitutive equations, the divergence
equations (elastic equilibrium and Gauss' law), and the gradient equations (strain--dis
placement and electric field-potential relations). In full index form these are:

(Ji),; = 0

Di,i=O

(I)

(2)
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I
I> = -(u + u .)

'J 2 l,J J,'

E; = -4>,;.
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(3)

In eqns (1 )-(3), (Jij, Cij and U; are the elastic stress, strain, and displacement, respectively;
D;, Ei and 4> are the electric displacement, field, and potential, respectively; C;jmm enij, and
K;n are the elastic stiffness tensor (measured in a constant electric field), the piezoelectric
tensor, and the dielectric tensor (measured at a constant strain), respectively. The symmetry
conditions satisfied by the electroelastic moduli are given by Nye (1957), and C;jmn and Kin

are positive definite.
In linear piezoelectric analysis, it is convenient to treat the elastic and electric variables

on equal footing. To this end, the notation introduced by Barnett and Lothe (1975) is
utilized. This notation is identical to conventional indiciaI notation with the exception that
lowercase subscripts take on the range 1,2, 3, while uppercase subscripts take on the range
1,2,3,4. With this notation, the field variables take the following forms:

M = 1,2,3

M=4
(4)

The electroelastic moduli are expressed as:

jCiJmn

eniJ
E UMn =

eimn

-Kin

J,M = 1,2,3

J = 1,2,3; M = 4

J=4; M= 1,2,3

J,M=4

(5)

With this shorthand notation, the constitutive equations can be written as Lu = EUMnZMw

Ten material constants are required to describe a transversely isotropic piezoelectric solid
with the X3 (z) axis normal to the plane of isotropy : five elastic (Cll> Cn, C33 , C44, C66), three
piezoelectric (e31> e33, eIS), and two dielectric (Kll' K33)' Here we have employed the well
known Voigt two-index notation.

Piezoelectric inclusions and inhomogeneities
Consider an infinite piezoelectric solid D containing an ellipsoidal inclusion denoted

by 0 with surface 101. The inclusion has the same electroelastic moduli, EUMm as the:
matrix, but undergoes a uniform electroelastic transformation (which may, for example.,
be associated with the spontaneous polarization and deformation that occur during aL

crystallographic phase transformation). We denote by zttn the uniform transformation
that would occur if 0 were unconstrained by D. To calculate the actual (constrained)
electroelastic fields, the imaginary cutting, straining, and welding operations of Eshelby
(1957) can be utilized. As has been shown by Deeg (1980), Benveniste (1992), and Dunn
and Taya (1993), we can express the uniform (because of the ellipsoidal shape) stress and
electric displacement in the inclusion as:

(6)

Due to linearity, the strain and electric field in the inclusion can be expressed in terms of
zttn by the introduction of the piezoelectric Eshelby tensors SMnAb:

(7)

Formally, SMnAb is a collection of four tensors: one fourth-order, one second-order, and
two third-order. SMnAb is a function only of the electroelastic moduli, the shape of the
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inclusion, and the orientation of the inclusion relative to the principal material axes. If the
Eshelby tensors SM"Ab are known, then for prescribed eigenfields Zf1", the constrained
electroelastic fields in the inclusion can immediately be computed with eqns (6) and (7).
Equation (7) and the forthcoming results are based on the idea of a transformation strain
and potential gradient, i.e. Zft". In many cases, it is more convenient to deal with the
transformation stress and electric displacement ~t or a combination of zt" and ~t. An
example is in the analysis of crystallographic phase transformations in piezoelectric solids.
The unconstrained phase transformation is accompanied by a spontaneous strain and
polarization. These can be directly represented by transformation quantities: the former
by €::,;" and the latter by Dt, and their incorporation in the analysis is straightforward.

Once the solution for the ellipsoidal inclusion (a transformed region with the same
electroelastic moduli as the matrix) is obtained, the solution for the ellipsoidal inhomo
geneity (a region with different electroelastic moduli than the matrix) easily follows. As
shown by Eshelby (1957) in the elastic case and Deeg (1980) in the piezoelastic case, the
inhomogeneity can be simulated by an equivalent inclusion. To fix ideas, consider the
infinite piezoelectric solid D with electroelastic moduli E iJMI1 which contains an ellipsoidal
inhomogeneity n with electroelastic moduli EtMIl" In the absence of an applied electrical or
mechanical load, the electroelastic fields in both the inhomogeneity and matrix are zero.
When subjected to a far-field uniform load ~~, the stress and electric displacement in the
inhomogeneity, ~?J+ ~iJ' can be written as:

(8)

In eqn (8), Z~" is the uniform strain and potential gradient that would exist in the absence
of the inhomogeneity (~~ = EiJM"Z~,,) and ZIW" is the disturbance of the uniform fields due
to the presence of the inhomogeneity. The first right-hand side of eqn (8) represents the
stress and electric displacement in the actual inhomogeneity while the second one represents
the stress and electric displacement in an inclusion of the same shape and orientation as the
inhomogeneity and with eigenfields Zft", i.e. an equivalent inclusion. The simulation of the
inhomogeneity by the equivalent inclusion is possible if an appropriate Z.t" can be found
to enforce the second equality of eqn (8) (where eqn (7) holds in the equivalent inclusion).
Substituting eqn (7) into eqn (8), and solving for zt" gives

(9)

where A iJAb = [EtM" - EiJM"]SM,,Ab +E iJAb . Once ztq(Z~,,) is obtained from (9), it can be
used with eqns (7) and (8) to obtain the electroelastic fields in the inhomogeneity due to
the applied electroelastic load. Thus the inclusion is equivalent in the sense that (for an
eigenfield history ztq(Z~,,» its electroelastic field history mirrors that ofthe inhomogeneity.
It is evident from eqns (7)-(9) that the problem of determining the electroelastic fields in
an ellipsoidal inclusion or inhomogeneity is reduced to the problem of determining the
piezoelectric Eshelby tensor for an ellipsoidal inclusion.

An inhomogeneous inclusion is an inhomogeneity with prescribed eigenfields Z~q.

Consider the infinite piezoelectric solid D with electroelastic moduli E iJMI1 which contains
an ellipsoidal inhomogeneity n with electroelastic moduli EUkl and eigenfields Z~q. The
stress and electric displacement in the inhomogeneous inclusion are:

In eqn (10) Ztf" = Z.f1,,+Ztt~ where Z.tt~ are fictitious eigenfields and ZM" = SIW"AbZ~b'

The above results for the interior electroelastic fields can be used to obtain the elec
troelastic fields just outside an inclusion (and thus of course for an inhomogeneity) by
making use of the continuity conditions on ZM" and the jump conditions on UM at the
inclusion-matrix interface. The fields just outside the inclusion can be expressed as (Dunn
and Taya, 1994):
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(11 )

In eqn (II) the interior fields I:;; are obtained by the approach discussed above and Klil< is
the inverse of KJK = KKJ = njnlEUKI where n j is the outward normal from the inclusion
surface.

To conclude this section we discuss some energy calculations. Consider a piezoelectric
solid containing an inhomogeneity subjected to far-field electroelastic loads I:?J n j • These
loads would result in a uniform fields I:~ in a homogeneous solid. The total free energy of
the inhomogeneous piezoelectric solid can be expressed as :

(12)

where V and S denote the volume and surface, respectively, of the piezoelectric solid and
n denotes the volume of the inhomogeneity. The first two terms represent the sum of the
elastic and electric energy, while the last term is the potential energy due to the loading
mechanism. The interaction energy between I:~ nj and the inhomogeneity is then:

(13)

where the volume of the ellipsoid is Va = lWja2a3' Other energy expressions can be readily
calculated from these results.

3. INFINITE-BODY GREEN'S FUNCTIONS

In linear piezoelectric solids, the electric and elastic response is anisotropic and coupled.
Formally, four Green's functions GlJ(x-x') exist which describe the elastic displacement
and electric potential at x due to a point force j; and point charge Q at x' (Deeg, 1980;
Dunn and Taya, 1993): defining F J = (/IJ2'/1, -Q), we have UM = GMJFJ .

We recently derived explicit, closed-form expressions for the infinite-body Green's
functions for a transversely isotropic piezoelectric solid (Dunn and Wienecke, 1996). Using
the boundedness conditions of that paper we recast the Green's functions into an equivalent
form more suitable for the integrations that follow (reverting to x, y, z notation) :

xv[x2+ ,,2 +2z2] 3 Xy[x2+ y2 +2z2]
G G = D' J 0 +" D).,u," . ,

12 = 21 0 ? 2? L,' , 2? 2
(x-+y )"Ro j~1 (x +Y) R j
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3 yz
G24 = G42 = LAiA~V i

;= I (x2+y2)R;

3 I
G33 = ;~IB).~· R

i

(14)

In these equations we have set the source point at the origin. The position-dependent terms
in eqn (14) are:

Z; = ViZ. (15)

The rest of the terms are functions only of the ten material constants describing a trans
versely isotropic piezoelectric material and are given as follows:

I (vi-l)(v~-l)(v~-I)
A--,----=-----=-----=----'---=----=-----=-----=---
1- 4nYe vl(vi-v~)(vi-vD

1 0 J 2
B 1 = -2-(Vj -1)[n'2A)V(Vj -1)-nV~V(v2 -I)]

nyu

I
D o =--

4nC44 Vo

1 (A~Ar -;.fA~)

4nYt C44
(16)

The constants A2 (B2, D2) and A 3 (B3, D3) are obtained from A I (B), D 1) by cyclically
permuting the indices I, 2 and 3 and:

Yu = (vi -1)A~V(n2n3 -n)n'2) + (v~ -1)A~(n)n~ -n~n3) + (v~ -1)A)V(n~n'2 -n2nD

Ye = (K11-K33)[Cll(C44-C33)+C44(C33+2CI3)+Ci3]+CII(e33-eIS)2

+ C33 (e 31 +eIS)2 -C44 (e33 +e31)2 +2CI3 [elS(eIS +e31 -e33) -e33e31]

nf = 2[}.nC13+C44v7)+V);V(C44-C33)+viAf(ewed]

nf = 2[ -A~V(elSv? +e31)+v);(e33 -els)+v)f(KII-K33)]

Vo = JC66 /C44 and -l/vi, -1/vL and -l/v~ are the roots of the cubic equation:

( 17)

(18)

(19)
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(20)

(21)

a = CII (KII C33 + 2e\Se33) - KI IC I3 (C13 + 2C44 ) + C44 (K 33 CII +eL) - 2elS C I3 (e3\ +eI S)

b = C33[KIIC44+K33C\1 +e31(e3\ +e\S)]-CI3K33(CI3+2C44)

+ (e31 +eIS)(C33 e IS -2C\3e33) +e33 (C 11 e33 -2C44 e31 )

c = C44(K33C33 +d3)

d= CII(KIIC44+eTS)'

4. ESHELBY TENSORS

This section contains the principal results of our work: the derivation of the Eshelby
tensors for spheroidal inclusions in transversely isotropic piezoelectric solids. To obtain the
closed-form expressions for SMnAb we start with the following expression for the dis
placement and electric potential in a transformed inclusion (Dunn and Taya, 1993):

UM(x) = IIGM.;(x-x/)L~nidS(x/)- IIIGMAx-x/)L~.idV(x/)
IQ' Q

= -EiJAbZ~bIffG,•.fJ.i(X-X
/
) dV(x

/
)

Q

(22)

where the differentiation is with respect to x. In the following we will differentiate UM with
respect to x to obtain the strain and electric field, focusing on points x in the inclusion. We
will simplify and evaluate the volume integral in a manner analogous to that used by
Eshelby (1957) and Withers (1989) for elastic inclusions.

For x in a convex inclusion we can express the differential volume element as
d V(x /) = dr dS = r 2 dr dw in terms of the surface element dS and the solid angle dw where
r = Ix' -xl. It is useful to express EiJAbGMJix-X/) in terms of a unit vector
I = (x' -x)/Ix' -xl:

E G (
_ ') __ EiJAbgMJi(I)

iJAb MJ.i x X - ,
r

(23)

where gMJ,(l) is simply the restriction of Glo,fJ,i(X - x') to the unit sphere and where the change
of sign arises because GMJix - x') is an odd function. Substituting eqn (23) into eqn (22)
yields

UM(X) = Z~bIffEiJAbgMJ,(I) dr dw.
Q

Integrating with respect to r yields

(24)

(25)

where r(l) defines the boundary of the convex inclusion. For an ellipsoidal inclusion r(l) is
given by the positive root of
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(XI +rl l )2 + (x 2 +rI2 )2 + (x, +1'1,)2 = I

aT a~ a~
(26)

where the cartesian coordinates x' are chosen so that the ellipsoid is centered at the origin
and aligned with the coordinate axis. Thus

with

f C'2 e)I:21'(1) = - ~ + - + ~
9 2 9

(27)

(28)

In eqns (26)-(28) G, are the principal half-axes of the ellipsoid along the x; direction, Since
gMJI(I) is odd in I and the quantity (Pjg2+ejg) 1!2 is even in I, their product will integrate to
zero, Taking this into account and substituting eqn (27) into eqn (25), UM can be expressed
as

(29)

where

We can now differentiate eqn (29) to obtain the displacement and potential gradients:

U - Z* fArEuAh9MJi(1) d 'M.r - Ah W.
9

(30)

(31 )

Due to linearity we express the strain and potential gradient in terms of a set of piezoelectric
Eshelby tensors as :

(32)

The set of four tensors SMnAh are thus defined by

M = 1,2,3

(33)

M=4

We remind that the integrals in eqn (33) are over the unit sphere. The task at hand now is
to evaluate these integrals in closed-form.

We evaluate the integrals in eqn (33) under the assumption of a spheroidal inclusion
(a l = a2) where the a3 axis is normal to the plane of isotropy. This case is quite important
as the spheroidal inclusion can model a wide range of microstructural geometry including
thin disks, spheres, and long needles. We are now faced with evaluating integrals of the
form
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(34)

These integrals are closely related to Eshelby's I(i) integrals for elastic inclusions. To
evaluate the integrals we write the unit vector I as I = (sin ¢ cos e, sin ¢ sin e, cos ¢) and g
and t. as:

a~sin2¢+ afcos2¢
g= _I. = (Sin¢COse, sin¢sine , COS¢).

') '"l. '1

aT at a'j
(35)

Upon making these substitutions. egn (34) can be expressed as:

iIT 12rr -I g .(I)a2a2 sin A-J . = n MJi I 3 'V de d A-
.it/ml 2 ') . 2 ., 2· 0/'

cj;~O e~Oan(a3Sm ¢+aTCOS ¢)
(36)

The integral over e is easily evaluated and that over ¢ is evaluated after making the
substitutions tan¢ = Vi tanfi as done by Withers (1989). All of the integrals that arise in the
evaluation of egn (33) are of the form of egn (36) and can be evaluated with the same
substitutions.

After evaluating these integrals and performing the tensor sums prescribed in egn (33),
we obtain explicit expressions for the Eshelby tensors. Specifically, the non-zero components
are:

Explicit expressions for these are:

SIll I = - C66 DoJ I(0) + JJ2A~V( - C I3 ViBi+ (CII - ~ C66)Di)-2e31 AtViDi}1 (i)

SI122 = C66DoJI(0)+itl[2A~V( -CI3ViBi+(CIl- ~C66)Di)-2e3IAtviDiJJ1(i)

3

SI133 = L [2A~V( - C33 v,Bi+ C 13 Di) - 2e 33 /,tviDJJI (i)
i= I

3

5 1143 = L [2Arv(-e33viBi+e3IDJ+2K33AtviD;jJl(i)
i= I

3

SI212 = - C66 DoJ I(0) + C66 L ),~V DiJ] (i)
i= 1

3

SI313 = C44VoDoJ2(0)- L Bi[C44(V,A~v+An+eI5At]JI(i)
i= 1
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3

- L [Cw1.r"(viDi+Ba+eIS}.1D;]J2(i)
i= 1

3

SI341 = elsvoDoJ2(0)- L Bi[eIS(V)rv +A7)-KIIA1]JI(i)
i=J

3

- L [elsAr"(viDi+Ba-KIIA1D;]J2(i)
i= I

3

S3311 = 4 LBJ(C66-CIl)Arv+e3Iv)1+CI3V)7]J2(i)
i=1

3

S3333 = 4 LBi[-CI3Arv+e33v)1+C33V);v]J2(i)
i= I

3

S4113 = 2 LA1[elSAi-C44(Bi+ViD;)]JI(i)
i= I

3

S4141 = -2 LAl[KIIAi+eIS(Bi+ViD;)]JI(i)
i=1

3

S4311 = 4 LA1[ -e3I viAi+ C I3 ViBi+ (C66 -C I dD;)]J2(i)
i=l

3

S4333 = 4 LJ.l[ -e33viAi+C33ViBi-CI3DaJ2(i)
i= I

3

S4343 = 4 LAf[K33ViAi+e33ViBi-e3IDaJ2(i)
;=1

(37)

where:

i = (0 ~ 3, no sum). (38)

In eqn (38) we have defined the aspect ratio a = a3/al' JI(i) and Jii) are valid for both
oblate and prolate spheroids and in general are complex. SMnAb' however, are always real.
J I (i) and Jii) correspond to Eshelby's and Withers' II (i) and Iii) for elastic inclusions. In
facti l (i) = - II (i) /2 and Jii) = VJ2(i) /4. The II (i) and Iii) for elastic inclusions are usually
written in two forms: one for prolate spheroids and one for oblate spheroids (and can be
so written here), but this is not really necessary. Simplified forms of JI(i) and J2(i) for disk
like, spherical, and needle-like inclusions easily follow as limiting cases of eqn (38).

We have verified the correctness of the SMnAb given by eqn (37) by exhaustive com
parison to results obtained by numerically evaluating the surface integral expressions for
SMnAb ofDunn and Taya (1993). We also showed that in the absence ofpiezoelectric coupling
(eij = 0), the SMnAb reduce to the results of Withers (1989), plus analogous expressions for
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transversely isotropic electrostatics. This limiting procedure requires considerable manipu
lation and thus we only discuss it briefly. When elj = 0, one of the Vi, say Vb reduces to
J K 11 /K 33 and V2 and V3 reduce to the well-known uncoupled transversely isotropic elastic
values. The first term in the three-term sum of the SMnAb then vanishes identically for M,
A = 1,2,3, (i.e., the elastic components), and the remaining two terms reduce to the two
terms of Withers' solution. Furthermore, from this point, one can use Withers' analysis to
show that they then reduce to Eshelby's (1957) results in the uncoupled isotropic limit.

To conclude, we comment on the numerical implementation of our solution, and in
particular the potentially problematic (but easily overcome) numerical aspects. For any
given values of the ten material constants we can always evaluate Vj' }.;, and n;' We can
also always evaluate the JjU) because their limits as vp. ---> I exist. The only problems we
face in numerically evaluating either the Green's functions or Eshelby tensors are those
combinations of material constants that cause Aj, Bj, or Dj to become infinite. Examination
of the cubic eqn (20) shows that Re[vJ > 0 which precludes vJ = 0 or vj = - Vk' So the Aj

become infinite only if 'Ie = 0 (which is equivalent to Vi = 1 for some j > 0) or if vj = Vk for
some j i= k. Substitution of nJ and then ;.Y into BJ shows that Bj becomes infinite when Aj

does and also when A'J" = Aj = At = 0 for some j. The Di have no additional degeneracies.
Thus there are three degeneracies in the solution: (i) vj = 1 for some j > 0, (ii) v

J
= Vk for

some j i= k, and (iii) ;.'J" = }.j = At = 0 for some j. The first occurs when the material is
uncoupled and either mechanically or electrically isotropic. The second occurs when the
material is uncoupled and mechanically isotropic. The third occurs when the material is
uncoupled. All three can also occur under more general circumstances. It is important to
note that these degeneracies present no real obstacle to the practical application of the
solution. Even for a degenerate set of the ten material constants, a valid numerical solution
can be obtained by slightly perturbing one of the constants to remove the degeneracy.
Furthermore, we remind that our analytical examination of the uncoupled limit reveals
that our solution tends correctly to the uncoupled solution.

5. CONCLUSION

The principal results of this paper are the closed-form expressions for the four Eshelby
tensors for spheroidal inclusions in transversely isotropic piezoelectric solids. These were
obtained using our recent expressions for the infinite-body Green's functions in transversely
isotropic piezoelectricity. The piezoelectric Eshelby tensors can be used (in the same manner
as Eshelby's tensor for elastic inclusions) to solve a wide range of problems in the mechanics
and physics of heterogeneous piezoelectric media.

Acknowledgments-The support of the National Science Foundation (grant CMS-9409840) and the University of
Colorado Council on Research and Creative Work is gratefully acknowledged.

REFERENCES

Asaro, R. J. and Barnett, D. M. (1975). The non-uniform transformation strain problem for an anisotropic
ellipsoidal inclusion. Journal of the Mechanics and Physics of Solids 23, 77-83.

Bacon, D. J., Barnett, D. M. and Scattergood, R. O. (1978). Anisotropic continuum theory of lattice defects.
Progress in Materials Science Series 23, 51-262.

Barnett and Lothe (1975). Dislocations and line charges in anisotropic piezoelectric insulators. Phys. Status Solidi
867, 105-111.

Benveniste, y. (1992). The determination of the elastic and electric fields in a piezoelectric inhomogeneity. Journal
of Applied Physics 72, 1086-1095.

Chen, T. (1993a). Green's functions and the non-unifonn transformation problem in a piezoelectric medium.
Mechanics Research Communications 20, 271-278.

Chen, T. (I993b). An invariant treatment of interfacial discontinuities in piezoelectric media. International Journal
ofEngineering Science 31,1061-1072.

Deeg, W. F. (1980). The analysis of dislocation, crack, and inclusion problems in piezoelectric solids. Ph.D.
dissertation, Stanford University.

Dunn, M. L. and Wienecke, H. A. (1996). Greens functions for transversely isotropic piezoelectric solids.
International Journal of Solids and Structures 33, 4571-4581.

Dunn, M. L. and Taya, M. (1993). An analysis piezoelectric composite materials containing ellipsoidal inhom
ogeneities. Proceedings of the Royal Society London A443, 265-287.



3582 M. L. Dunn and H. A. Wienecke

Dunn, M. L. and Taya, M. (1994). Electroelastic field concentrations in and around inhomogeneities in piezo
electric solids. Journal (J/'Applied Mechanics 61, 474-475.

Dunn, M. L. (1994). Electroelastic Green's function for transversely isotropic piezoelectric media and their
application to the solution of inclusion and inhomogeneity problems. International Journal of Engineering
Science 32, 119-131.

Eshelby, J. D. (1957). The determination of the elastic field of an ellipsoidal inclusion, and related problems.
Proceedings of the Royal Society, London A241, 376--396.

Eshelby, J. D. (1959). The elastic field outside an ellipsoidal inclusion. Proceedings (if the Royal Society, London
A252,561-569.

Gavazzi, A. C. and Lagoudas, D. C. (1990). On the numerical evaluation of Eshelby's tensor and its application
to elastoplastic fibrous composite. Computational Mechanics 7,13-19.

Hill, R. (1961). Discontinuity relations in mechanics of solids. Progress in Solid Mechanics, vol. 2, North Holland
Publishing Co., Amsterdam.

Kinoshita, N. and Mura, T. (1971). Elastic fields of inclusions in anisotropic media. Phys. Stat. Sol. (a) 5,759
768.

Lin, S. C. and Mura. T. (1973). Elastic fields of inclusions in anisotropic media (II). Phys. Stat. Sol. (a) 15,281
285.

Mura, T. (1987). Micromechanics (if Defects in Solids, 2nd ed., Martinus NijhoffPublisher, Amsterdam.
Nemat-Nasser, S. and Hori, M. (1993). Mieromechanics: Overall Properties of Heterogeneous Materials, Elsevier,

Oxford.
Nye, J. F. (1957). Physical Properties of Crystals, Oxford University Press, Oxford.
Pan, Y. C. and Chou, T. W. (1976). Point force solution for an infinite transversely isotropic solid. Journal of

Applied Mechanics 43, 608-612.
Walpole, L. J. (1967). The elastic field of an inclusion in an anisotropic medium. Proceedings of the Royal Society,

London A300, 270--289.
Walpole, L. J. (1977). The determination of the elastic field of an ellipsoidal inclusion in an anisotropic medium.

Mathematics Proceedings of the Cambridge Philosophical Society 81, 283-289.
Wang, B. (1992). Three-dimensional analysis of an ellipsoidal inclusion in a piezoelectric material. International

Journal of Solids and Structures, 29, 293-308.
Willis, J. R. (1964). Anisotropic elastic inclusion problems. Quarterly Journal of Mechanics and Applied Math

ematics 17,157-174.
Withers, P. J. (1989). The determination of the elastic field of an ellipsoidal inclusion in a transversely isotropic

medium, and its relevance to composite materials. Philosphical Magazine A59, 759-781.
Yu, H. Y., Sanday, S. C. and Chang, C. I. (1994). Elastic inclusions and inhomogeneities in transversely isotropic

solids. Proceedings orthe Royal Society, London A444, 239-252.


